In this paper, we study the boundedness and compactness of the weighted composition operator uC φ , which is induced by an analytic function u on the unit disk and an analytic self-map φ of the unit disk, acting between the N p -space and the weighted-type space H ∞ α .
Introduction
Let D be the open unit disk in the complex plane, and let H (D) be the space of all analytic functions on D. For any u ∈ H (D) and analytic self-map φ : D → D, the weighted composition operator uC φ : H (D) → H (D) is defined by uC φ f = u · ( f • φ). This type of operator appears in studies on isometries of various function spaces. In fact, many isometries of function spaces are described as weighted composition operators. For details of these studies, we can refer the monograph [3] . Also many authors have studied the composition operator C φ f = f • φ and the multiplication operator M u f = u · f on various analytic function spaces. In these studies, it is an interesting problem to relate operator-theoretic properties of C φ or M u to functiontheoretic properties of φ or u. Since uC φ = M u C φ , it is natural to consider the boundedness or compactness of it on any analytic function spaces. Recently many authors have studied uC φ acting between the Bloch space, the weighted Bergman space or related analytic function spaces and estimated the norm and the essential norm of uC φ . The purpose of this paper is to investigate the operator uC φ acting between the following analytic function spaces.
Let p ∈ (0, ∞) and α ∈ (0, ∞). For each w ∈ D, let σ w (z) = (w − z)/(1 − wz) be a Möbius transformation which exchanges w and 0. The N p -space consists of all f ∈ H (D) such that
where d A denotes the normalized area measure on D. The weighted-type space H ∞ α is the space of all f ∈ H (D) such that
And H ∞ α,0 denotes the closed subspace of H ∞ α such that f ∈ H ∞ α satisfies (1 − |z| 2 ) α | f (z)| → 0 as |z| → 1. These spaces H ∞ α and H ∞ α,0 are identified with weighted Bloch spaces B α+1 and B α+1,0 ([8, Proposition 7] ). Here B α and B α,0 are defined by
The N p -spaces were introduced by Palmberg [5] . One has the inclusions [5] ). These situations are very similar to the relation between the Q p -space and B. That is, Q p B if p ∈ (0, 1] and Q p = B if p ∈ (1, ∞). Here the Q p -space consists of all analytic functions f on D which satisfy the condition
We can find these facts in Xiao's survey book [6] about Q p -spaces. In a recent paper [5] , Palmberg has considered composition operators C φ on the N p -space. Palmberg gave complete characterizations for the boundedness and compactness of C φ : N p → H ∞ α . However the boundedness and compactness of the case C φ : H ∞ α → N p remain to be studied. In this paper, we will characterize the boundedness and compactness of uC φ :
Our situations have not been covered by a recent progress of studies of weighted composition operators. Of course, the results in this paper will also give the characterizations for the case C φ : H ∞ α → N p and the case uC φ : N p → H ∞ α is a generalization of the result in [5] . Furthermore, by the derivative operator f  → f ′ , Q p -spaces are closely related to N p -spaces and Bloch-type spaces B α related to H ∞ α . Hence our results also cover the corresponding results for C φ (with u = φ ′ ) acting between B α and Q p -spaces which are presented in [6] .
In Section 2, we will consider the case uC φ : H ∞ α → N p . To characterize the boundedness of it, we use a p-Carleson measure characterization for N p . For the compactness, we will estimate the essential norm of uC φ . Since the essential norm ∥uC φ ∥ e is defined to be the distance from uC φ to the space of the compact operators, uC φ is compact if and only if ∥uC φ ∥ e = 0. The dual relation for H ∞ α plays an important role in the proof. In Section 3, we characterize the boundedness and the compactness of uC φ : N p → H ∞ α . Throughout this paper, the notation a b means that there exists a positive constant C such that a ≤ Cb. Moreover, if both a b and a b hold, then one says that a ≍ b.
The case uC
In order to study the operator uC φ : H ∞ α → N p , we need a Carleson box S(I ) and a p-Carleson measure. For each arc I in the unit circle ∂D, a Carleson box based on I is the set of the form 
where the supremum is taken over all arcs I ⊂ ∂D. Aulaskari et al. [1] characterized the Q pspace in terms of a p-Carleson measure. For the N p -space, an analogous characterization holds.
Proof. The following equality
Combining this with [1, Lemma 2.1], we accomplish the proof.
Xiao [7] characterized the boundedness and compactness of C φ : B → Q p by using a pCarleson measure. For the case uC φ : H ∞ α → N p , an argument based on a p-Carleson measure is also useful.
Next we consider a test function for H ∞ α which will be used in the proofs of Theorems 1 and 2. For each α ∈ (0, ∞), θ ∈ [0, 2π ) and r ∈ (0, 1], we put
Lemma 2. The function f θ,r belongs to H ∞ α and ∥ f θ,r ∥ H ∞ α 1 which is independent of θ and r . In particular, f θ,r ∈ H ∞ α,0 if r ∈ (0, 1).
Since log 1 x ≥ 1 − x, we obtain that
Furthermore it follows from (2) that
and so we see that f θ,r ∈ H ∞ α,0 . This completes the proof.
Theorem 1. Let u ∈ H (D) and φ be an analytic self-map of D. Then the following are equivalent:
(iii) u and φ satisfy
Here the supremum in (4) is taken over all arcs I ⊂ ∂D.
Proof. (ii)⇒ (i). This implication is obvious.
(i) ⇒ (ii). For each θ ∈ [0, 2π ), we set f θ := f θ,1 which is defined in (1). Fix w ∈ D. By Lemma 2 and Fubini's theorem we have
Parseval's formula gives
, we have
where the last inequality follows from log
for any w ∈ D. By noting that u ∈ N p , we have
for any w ∈ D. Inequalities (7) and (8) show that condition (3) is true.
Combining this with condition (4), we see that
is a p-Carleson measure. Thus Lemma 1 implies that uC φ f ∈ N p and
Fix an arc I ⊂ ∂D and consider the test function f θ (θ ∈ [0, 2π )) in the proof of (i) ⇒ (ii). Lemmas 1 and 2, Fubini's theorem, (5) and (6) show that
Since u ∈ N p by the boundedness of uC φ , it follows from Lemma 1 that |u(z)
Hence we have
By (9) and (10), we obtain the condition (4).
Next we consider the compactness of uC φ :
Since we see that H ∞ α = B α+1 and H ∞ α,0 = B α+1,0 for each α > 0, we obtain the following dual relations for H ∞ α (also see [8] ).
Lemma 3 ([8])
. Using the integral pairing given by
we have
For each n ∈ N we consider the function g n θ,r (z) := z n f θ,r (z). Here f θ,r is the test function defined in (1). Since z n H ∞ α,0 ⊂ H ∞ α,0 , it follows from Lemma 2 that {g n θ,r } n∈N ⊂ H ∞ α,0 and the norm ∥g n θ,r ∥ H ∞ α is uniformly bounded on θ , r and n. The following Lemma 4 shows that {g n θ,r } n∈N converges to 0 weakly in H ∞ α .
Lemma 4. For every Λ ∈ (H ∞ α ) * we have sup θ,r |Λ(g n θ,r )| → 0 as n → ∞. Proof. This lemma is proved by a modification of [4, Lemma 5] . For the sake of the reader, however, we describe the proof. It is enough to prove that sup θ,r |Λ(g n θ,r )| → 0 as n → ∞ for any Λ ∈ (H ∞ α,0 ) * . Lemma 3 shows that there exists an
. By using the estimate in the proof of Lemma 2, we have
Since |z| n |h(z)| → 0 (n → ∞), |z| n |h(z)| ≤ |h(z)| and |h| ∈ L 1 (d A), the dominated convergence theorem shows that lim n→∞  D |z| n |h(z)|d A(z) = 0. We obtain the desired result. By the above Lemma 4, we see that T g n θ,r → 0 in N p as n → ∞ for any compact operator T : H ∞ α → N p , θ ∈ [0, 2π ) and r ∈ (0, 1). To prove Theorem 2, however, we will need the following strong result.
Lemma 5. For any compact operator T : H
where the supremum is taken over all θ ∈ [0, 2π ) and r ∈ (0, 1).
Proof. This lemma is verified by the complete continuity of compact operators and Lemma 4. So we omit the detail of the proof. Proof. This is an extension of a well-known result on the compactness of the composition operator on the Hardy spaces (see [2, Proposition 3 .11]). We see that any bounded sequence in H ∞ α forms a normal family. Also the relation ∥ f ∥ H ∞ 1 ∥ f ∥ N p and the growth estimate for f ∈ H ∞ 1 imply that any bounded sequence in N p forms a normal family. Hence a similar argument by using Montel theorem also proves this lemma, and so we omit its proof. 
Here the supremum in (12) is taken over all arcs I ⊂ ∂D.
Proof. In order to prove upper estimates in (11) and (12), we put C k f (z) = f ( k k+1 z) for each positive integer k and f ∈ H (D). Then we see that every C k is bounded on H ∞ α . By applying Lemma 6 to the case u ≡ 1 and φ(z) = k k+1 z, we see that C k is compact on H ∞ α . So we have that
Here I d denotes the identity operator on H ∞ α . Fix a positive integer k and an f ∈ H ∞ α with
is less than or equal to
for any r ∈ (0, 1). By the growth estimate for f ∈ H ∞ α , we have that
This implies that
for any r ∈ (0, 1). Note that this estimate does not depend on k. Now let us prove that
as k → ∞. We put v = φ(z) and denote the radial segment by [
]. An application of Cauchy's estimate to f ′ on the circle with center at ξ(v) and radius R ∈ (0, 1 − r ) shows that
Combining this with (18), we obtain that
Since u ∈ N p by the boundedness of uC φ : H ∞ α → N p , we obtain (17). By (13), (14), (16) and (17), we have that
for any r ∈ (0, 1), and so we obtain the upper estimate in (11).
On the other hand, by Lemma 1, we have that
for any r ∈ (0, 1). Inequality (15) gives that
for any r ∈ (0, 1) and any f ∈ H ∞ α with ∥ f ∥ H ∞ α ≤ 1. By inequalities (18), (19) and Lemma 1, we obtain that
Note that the above (22) holds uniformly on the unit ball of H ∞ α . By (13), (20)- (22) and letting r → 1, we obtain that
This is the upper estimate in (12). Next we will prove lower estimates in (11) and (12). We consider the functions {g n θ,t } n∈N defined in Lemma 4. Note that the norm ∥g n θ,t ∥ H ∞ α is uniformly bounded on θ , t and n by Lemma 2. For any compact operators K : H ∞ α → N p , we have that
for any θ , t and n. By Fatou's lemma we have that
for any r ∈ (0, 1). Here f θ (w) denotes the function f θ,1 (w). By integrating these inequalities with respect to θ from 0 to 2π and Fubini's theorem, we obtain that
By (5) and (6), it follows that
for any z ∈ D with |φ(z)| > 
for any r ∈ (1/ √ 2, 1). Letting r → 1, then this gives that
Note that this estimate does not depend on n. Since sup θ,t ∥Kg n θ,t ∥ N p → 0 as n → ∞ for any compact operators K : H ∞ α → N p by Lemma 5, (23) and (26) imply that
Furthermore, by Lemma 1, we obtain that
for all arcs I . A similar argument in the proof of (27) shows that We accomplish the proof. Here the supremum in (12) is taken over all arcs I ⊂ ∂D.
3. The case uC φ :
In this section, we will consider the operator uC φ : N p → H ∞ α . The case u ≡ 1 can be found in the work [5] by Palmberg. 
